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Abstract 


This paper introduces the novel concept of K M-single valued neutro- 
sophic metric spaces as an especial generalization of K M-fuzzy metric spaces, 
investigates several topological and structural properties and presents some 
of its applications. This study also considers the metric spaces and constructs 
K M-single valued neutrosophic spaces with respect to any given triangular 
norms and triangular conorms. Moreover, we try to extend the concept 
of kK M-single valued neutrosophic metric spaces to a larger class of K M- 
single valued neutrosophic metric spaces such as union of kK M-single valued 
neutrosophic metric spaces and product of K M-single valued neutrosophic 
metric spaces. 
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1. Introduction 


Classical set theory is a pure concept and without quality or criteria, so it is not 
attractive to use in our world, that’s why we use the neutrosophic sets theory as one 
of a generalizations of set theory in order to deal with uncertainties, which is a key 
action in the contemporary world introduced by Smarandache for the first time in 
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1998 and 2005 [11]. This concept is a new mathematical tool for handling problems 
involving imprecise, indeterminacy, and inconsistent data. This theory describes 
an important role in modeling and controlling unsure hypersystems in nature, 
society and industry. In addition, fuzzy topological spaces as a generalization of 
topological spaces, have a fundamental role in construction of fuzzy metric spaces 
as an extension of the concept of metric spaces. The theory of fuzzy metric spaces 
works on finding the distance between two points as non-negative fuzzy numbers, 
which have various applications. The structure of fuzzy metric spaces is equipped 
with mathematical tools such as triangular norms and fuzzy subsets depending on 
time parameter and on other variables. This theory has been proposed by different 
researchers with different definitions from several points of views ([1, 2, 3, 7]), and 
that this study was applied to the notion of KM-fuzzy metric space introduced in 
1975 [2] by Kramosil and Michalek. Further materials regarding the single valued 
neutrosophic metric sets and their applications in, graphs, hypergraphs and neutro 
algebras are available in the literature too [4, 5, 6]. 


Regarding these points, we introduce the concept of K M-single valued neutro- 
sophic metric spaces as an application of neutrosophic sets. Although we apply 
three fuzzy subsets in our definition but it has limited their sum of three fuzzy 
subsets in to a fuzzy subset. Also we proved that K M-single valued neutrosophic 
metric spaces have both non-increasing fuzzy subsets and non-decreasing fuzzy 
subsets. It has tried to construct a larger class of kK M-single valued neutrosophic 
metric spaces with respect to union and product operations. Metric spaces have 
an important role in generating the K M-single valued neutrosophic metric spaces 
via any triangular norms and triangular conorms; therefore, we analyzed the rela- 
tion between the class of metric spaces and K M-single valued neutrosophic metric 
spaces. Moreover, we presented the ball subsets in K M-single valued neutro- 
sophic metric spaces and proved that ball subsets are open subsets. Furthermore, 
the present study aimed to generate some topologies on the base set of K M- 
single valued neutrosophic metric spaces with respect to open balls and it is one 
of the main motivations of introducing the kK M-single valued neutrosophic metric 
spaces. The K M-single valued neutrosophic metric spaces are not necessarily infi- 
nite spaces. Thus, another important motivation of this study is the construction of 
finite kK M-single valued neutrosophic metric spaces. This study also presented an 
induced equivalence in relation to K M-single valued neutrosophic metric spaces 
such that a quotient of given K M-single valued neutrosophic metric space is a 
K M-single valued neutrosophic metric space. This study generated some metrics 
on any nonempty sets using the concept of kK M-single valued neutrosophic metric 
spaces and extended K M-single valued neutrosophic metric spaces to a family of 
metric spaces with left-continuous metrics. For the significance of the applicabil- 
ity of this argument, we presented an example of application of K M-single valued 
neutrosophic metric space on economic and it encouraged us to develop this study. 
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2. Preliminaries 


This section presented some definitions and results which are used in following 
sections. 

Definition 2.1. [11] Let V be a universal set. A neutrosophic set (NS) X in V 
is an object has the following form X = {(z,Tx(z),Ix(x), Fx(x)) | x € V}, or 
X :V = [0,1]x (0, 1] x [0, 1] which is characterized by a truth-membership function 
Tx, an indeterminacy-membership function Ix and a falsity-membership function 
Fy. There is no restriction on the sum of Tx(x),Ix(x) and Fx(a), therefore 
0- < sup Tx (x) + sup Ix (2) + sup Fx (x) < 3°. 


Definition 2.2. [10] A binary operation T : [0,1] x [0,1] + [0,1] is a t-norm if it 
for all x,y, z, w € [0,1] satisfies the following: 


(i) TU, x) = a; 
(it) T(x,y) =T(y, x); 
(iit) T(T (x,y), 2) = T(x, Ty, 2)); 
(iii) If w <a@ and y < z then T(w,y) < T(a, 2). 
Definition 2.3. [8] A triplet (X, o,T) is called a K M-fuzzy metric space, if X is 


an arbitrary non-empty set, J is a left-continuous t-norm and p : X2x R2° > [0,1] 
is a fuzzy set, such that for each x,y,z,€ X and t,s > 0, we have: 


(i) p(x, y,0) = 9, 
(it) p(a,x,t) =1 for all t > 0, 
(iti) p(ax,y,t) = p(y, x, t)(commutative property), 
(iv) T(p(a, y, t), p(y, z, 8)) < p(x, z,t + s)(triangular inequality), 
(vi) p(x,y, —) : R2° = [0,1] is a left-continuous map, 
(vit) p(x,y,t) > 1, when t > oo. 
(viit) p(x, y,t) =1,V t > 0 implies that x = y. 


If (X,p,T) is satisfied in conditions (2)—(vii), then it is called a K M-fuzzy 
pseudometric space and p is called a K M-fuzzy pseudometric. 
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3. K M-Single Valued Neutrosophic Metric Space 


In this section, we introduce the concept of kK M-single valued neutrosophic metric 
spaces and investigate their properties. In addition, we generate K M-single valued 
neutrosophic metric spaces with respect to metric spaces. 


Definition 3.1. A triplet (X, p1, p2,3,T, S) is called a kK M-single valued neu- 
trosophic metric space, if X is an arbitrary nonempty set, T is a left-continuous 
t-norm, S$ is a left-continuous t-conorm, and (1, p2,p3 : X? x R2° — [0,1] are 
fuzzy subsets, such that for each x,y, z,€ X and t,s > 0, we have: 


(i) pi(x,y,0) = 0 and for all z € {2,3}, pi(x,y,0) = 1, 
) pi(a, x,t) = 1 and for all i € {2,3}, p;(x,x,t) = 0, where t > 0, 
(itt) for all i € {1, 2,3}, pi(x,y,t) = pi(y, x, t)(commutative property), 
) 


T(p1 x,y,t), ply, ze, s)) < plz, Z,t+ s) and for all 7 € {2,3}, S(pi(z, Y, t), 
pily, z,8)) > pi(x,z,t +s) (triangular inequality), 


(vi) for all i € {1, 2,3}, pi(a,y, —) : R=° > [0,1] are left-continuous maps, 
(vit) Jim pi((x,y,t)) = 1 and for all 7 € {2,3}, jim pi((x,y,t)) = 0, 


3 
(viii) for all t€ R* and for all x,y € X, we have 0 < S- pi(z,y,t) <1, 
i=l 
(iz) Vt > 0, pi(x,y,t) = 1 implies that « = y and for all i € {2,3}, Vt > 
0, pi(x,y,t) = 0 implies that x = y. 


If (X, pi, p2, 3, T, S) satisfies in conditions (7)—(viti), then it is called a K M- 
single valued neutrosophic pseudometric space and triple (1, 92, 93) is called a 
K M-single valued neutrosophic pseudometric. 


The following proposition shows that K M-single valued neutrosophic metrics 
are different from K M-fuzzy metrics. 


Proposition 3.2. Let (X, 1, 2,p3,T,S) be a KM-single valued neutrosophic 
metric space. Then for all x,y € X andt € Rt 


(7 pi(z,y,t) Tv p2(a, y, t) + p3(a, y, t) a 0; 
(2 p2(a, y, t) “Tr p3(a, y,t) a 1; 


) 
) 

(iti) if po(x,y,t) = p3(z,y,t), then po(x,y,t) < 5, where t > 0; 
) 


(iv) pi(a,y,t) = 1, if and only if p2(x,y,t) + p3(a,y,t) = 0. 


Proof. It is immediate by definition. 
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From now on, for all z, y € [0, 1] we consider Trin (x, y) = min{z, y}, Tyr (x, y) = 
oS: ae 
ay, Tiu(t,y) = max(0,2+y—1),Tuo(a,y) = 4 e+ y— zy if (2,y) # (0,0) 
0 if (a, y) = (0,0) 

Cr = {T : [0,1] x [0,1] > [0,1] | T is a left-continuous t-norm}, Smaz(t,y) = 
max{z,y}, Spr(z,y) = et+y— cy, Su(z,y) = min(l,~t+y) and Cg = {S: 
(0, 1] x [0, 1] > [0,1] | S is a left-continuous t-conorm}. 

In what follows, we investigate some properties of the K M-single valued neu- 
trosophic metric spaces. 


Definition 3.3. Let (X, 91, 02, p3,T, S) be a K M-single valued neutrosophic met- 
ric space, let (@p), be a sequence in X and « € X. We say that 


(i) (tp)n converges to x, if for all t € Rt we have lim pi(r,,2,t) = 1 and 
n—- co 


lim po(@%n,x,t) = lim p3(rp,2,t) = 0. It means that for all t € R* and 
n—-0co N—- CO 


for all 0 < e < 1, there exists N € N, such that for alln > N, l-—e€ < 
p1(En, 2, t), p2(En, Z, t) <eand (3 (Xn, @,t) <6 


(ii) (an)n is a Cauchy sequence if and only if for each t € R* and p > 0 
lim pi(2n,Entp,t) =1 and lim po2(an, n+p, t) = lim p3(@n, In4p,t) = 0 
n—->oco n—->co n—->oo 


In [3], George and Veeramani proved that every GV-fuzzy metric is a non- 
decreasing map. In a similar way we have the following Theorem on the Kk M-single 
valued neutrosophic metric spaces. 


Theorem 3.4. Let (X, p1, p2,23,T, S) be a KM-single valued neutrosophic metric 
space. Then pi(x,y,—) : R2° > [0,1] is a non-decreasing map and for all i € 
{2,3}, p:(az,y, —) : R2° > [0,1] are non-increasing maps. 


Proof. Let 0<t<s. If t =0, then for all t > 0, po(x,y,0) = 1 > po(x,y,s). But 
for all t al sif pr(x, Y; t) < p(x, Y; 8), then S(pa(a, Y; t), poly, Y, s—t)) 2 p(x, Yy; 8). 
By definition, p2(y, y, s—t) = 0, and thus obtain that po(x, y,t) > pe(x,y, 8), which 
is a contradiction and it implies that po(x,y,—) : R@° — [0,1] is a non-increasing 
map. In a similar way, p3(x,y,—) : R2° — [0,1] is a non-increasing map and 
pi(x,y, —) : R@° — [0,1] is a non-decreasing map. 


In [12], Rodrguez-Lopez and Romaguera, proved that every GV-fuzzy met- 
ric is a continuous map. In a similar way, one can see that K M-single valued 
neutrosophic metrics are left-continuous maps. 


Theorem 3.5. Let (X, p1, p2,23,T, S) be a K M-single valued neutrosophic metric 
space. Then for alli € {1,2,3}, p;’s are left-continuous maps on X? x R2°. 


Proof. Let x,y € X,t € Rt and (z',,y/,,t!,)n be a sequence in X? x R2° that 
lim (z',, yi, t,) = (2,y,t). Suppose that t/2 > € > 0 be arbitrary. Since 
noo 


(pi(z,, y),,U,))n is a sequence in [0,1], there is a subsequence (%n,Yn;tn)n of 
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(v1,.9n5t,)n such that p2((Ln,Yn,tn)) converges to some points of [0,1]. Now, 


n? 


lim t, = t¢ implies that there is N € N such that for all n > N we have 
noo 

t—e < ty. Hence, for all n > N we have po(an,Yn,tn) < po(tn, Yn, t — ©) < 
S(p2(tn, 2, €/2), p2(x, y,t—2€), pay, Yn, €/2)) and p2(a, y, t+2e) < p2(x, Ys tn +e) < 
S'(p2(an, v, €/2), P2(Lns Yn; tn), P2(Y, Yn» €/2))- Thus Jim p2(@nsYnstn) < S(0, po(x, 
y,t — 2€),0) = po(x,y,t — 2€), so by left-continuity of the function pz on R7°, 
get that lim ( lim (2(2%n,Yn,tn)) < lim (p2(a,y,t — 2€)) = po(x,y,t). In addi- 

e>0 n-co Ee 
tion, p2(x, y,t an 2€) = S(0, lim P2(@n; Yn tn), 9) = lm pa(Lns Unrtn)- Thus 
n—-0co N+ oo 
po(a,y,t + 26) < lim po(an, Yn, tn) and by left-continuity of the function p2 on 
noo 
R2°, get that lim( lim po(@n, Yn, tn)) > lim(pe(z, y,t + 2€)) = po(x,y,t). It fol 
e>0 n—-0o «0 


lows that p2 is a left-continuous map on X? x R7°. In a similar way one can see 
that p; and p3 are left-continuous maps on X? x R2°. 


Let 21, %2,...,% € [0,1]. Then for all T € Cp and S € Cg, we have T(x, x2, 
v3) = T(T(a1,22),03) and T(a1,¥2,...,€n—1,%n) = T(T (a1, v2,...,Un—1),2n)- 
In a similar way S(x1, 22,23) = S($(a1,2%2),%3) and S(a1,22,...,%n—1, Un) 
= S(S(x1,%2,..-,2n-1), Ln). 

Lemma 3.6. Let 71, ¥2,...,%n € [0,1], T€ Cr and S € Cg. Then 
(i) if0 © {a1,x2,...,Un}, then T(x, 02,-.-,Ln—-1,Un) = 0; 


(it) of 1 € {a1,@2,..., an}, then S(x1,22,..-,%n-1,Un) = 1; 


(iit) Smax(X1, £2, ee 5En= as Ln) < S(x1, £2, sans (nated): 
(tv) T (1, %2,---;2n—1,2n) < Tmin(£1,22,---;2n—-1, Ln); 
(v) T(a1,@2,.-.-,2n-1,4n) = 1 tf and only if vy = 242 =... =Un_1 = Xn = 1; 
(vt) S(x1,%2,.--,%n-1, Ln) = 0 tf and only if a, = 42 =... = %p-1 = Lyn = 0; 
(vii) for all p € Rt, Smax(*, = aos ao =) = 5 Smax (1, £2, SPA ty on) 
and Tmin( Ss a prey sre 2) — 5 Emin (21, LQ,++ (lai Ca): 


Theorem 3.7. If (X, 01, 02, 3,;Tmin, Smax) is a K M-fuzzy metric space, T € Cr 
and S€Cg. Then (X, pi, p2,p3,T, 5) is a KM-single valued neutrosophic metric 
space. 


Proof. It is clear. 


In the following, we generate the K M-single valued neutrosophic metric spaces 
with respect to the metric spaces. 
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For all z,y € X and for all 0 > p,p',m,(p,p' > 3m),t,s € R2°, define 


pil(z,y,t) = y(t) pg? Pret) = {pt + y(t) and 
p(t) + md(z, y) 1 ift =0 
mala, y) ift>0 
ps(x,y,t) = ¢ p/(md(a, y) + v(t) , where y : R2° + R2° is increasing the 
1 ift=0 


left-continuous map and y(t) + md(z,y) £0 and y(t+ s) > y(t) + y(s). 


Theorem 3.8. Let (X,d) be a metric space. If p',p > 2, then (X, p1, 2, P3, Tmin; 
Smax) 1s a K M-single valued neutrosophic metric space. 

3 
Proof. If p,p’ > 2, then for all x,y € X,t € Rt, we have 0 < S- pila, y,t) <1. 


i=1 
Now, we only prove the triangular inequality property. Let z2,y,z € X. For 
0 € {t,s} is clear, now for 0 ¢ {t,s} we investigate it. Without loss of generality, 
g(t) v(s) 
i < , we get that y(t)d(z,y) < v(s)d(a, y). 
Pe) + mde.) ~ piers) + male, y) OS 
Since for all s,t,m € R*, p(t +s) > y(t) + y(s), we get that y(t)d(a, z) < y(t + 
s)d(x,y) and so 


Psst gt) g(s) )< g(t + s) 
mn pelt) + md(x, 4)" ple(s) + madly, 2))" ~ ppt + 8) + md(a, 2)" 
md(x,y) md(z,y) 


In a similar way, one can see that Sinax( 
md(a, z) 
p(md(x, z) + v(t + s)) 


< pila, zy t+s), Saal Ones Y t), Cr z, s)) 2 p(x, zy t+s) and so (xX, P1,; P25 P35 Tmin, 
Smax) is a K M-single valued neutrosophic metric space. 


edad) PEO) pomeu + oy 
, where 7 € {2,3}. It follows that Tinin(p(2, y,t), p1(y, z, 8)) 


By Lemma 3.6 and Theorem 3.8, one can construct a K M-single valued neu- 
trosophic metric space with any triangular norms and triangular conorms on any 
given metric space as follows. 


Corollary 3.9. Let (X,d) be a metric space. Then there exist fuzzy subsets 
P1; P2,p3 on X? x R2° such that for each T € Cr and S € Cg, (X, pr, p2, p3,T, S) 
is a K M-single valued neutrosophic metric space. 


Example 3.10. Consider X = N and the metric space (X,d), where d(z,y) = 


lay). 
38t 

SiS RE ese, PED 
Define for all 2,y € X, pi(x,y,t) = ¢ (3 + 7d(@,y)) , p2(x,y,t) = 

0 ift =0 

Td(x,y) F Td (x,y) : 

ft>0 ft>0 
21(7d(a,y) +38) , and p3(«,y,t) = ¢ 37(7d(x,y) +38) 7, 


1 ift=0 1 ift =0 
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Then (X, 1, 92, 3,1, S) is a K M-single valued neutrosophic metric space, where 
T€ECr and S €Cg. 


3.1. Operations on kK M-Single Valued Neutrosophic Metric 
Spaces 


In this subsection, we extend K M-single valued neutrosophic metric spaces to 
union of K M-single valued neutrosophic metric spaces and product of kK M-single 
valued neutrosophic metric spaces. Let (X, p1, 92, 3,1, S) and (Y, p}, 04, 3,7, S) 
be K M-single valued neutrosophic metric spaces, (11, yi), (v2, y2) © X x Y and 
t € R@°. For an arbitrary T € Cr and S € Cg define T(p1, p), $(p2, ps), S (ps, P) : 
(XxY)? xR?° > [0, 1] by T(p1, p') (x1, yi), (x2, y2), t) a T(p1 (x1, t2, t), pi (M1, Y2; 
t)), S(p2, p2) (a1, yi); (x2, yo), t) = S(p2(a1, v2, t), Po (y1, Y2, t)) and 


S(p3, p3) (21, y1), (2, y2),t) = S(p3(x1, v2, t), p3 (41, yo, t)). 
So we have the following theorem. 


Theorem 3.1. Let (X, (1,92, 93,T,5) and (Y, p), p5,03,T, S) be K M-single val- 
ued neutrosophic metric spaces. Then (X XY, Tmin(P1; 01); Smax(P2; Po); Smax(P3, 
p3),T,S) is a KM-single valued neutrosophic metric space. 


Proof. Let (1,1), (v2, y2), (73, y3) € X x Y and t,s € R2°. 

(i) Since for all 21,22 € X,y1,y2 € Y,pi(a1, 22,0) = 0 and p(x, 22,0) = 
03(@1, 2,0) = ph (yr, ¥2,0) = p3 (41, yo, 0) = 1, we have Trin (p1, p) ((@1, 1), (2, yo 
),0) = 0, Sax (P2, P2)((1; 91); (2, Y2),0) = Land Sma (3; 3) (#1, Yr); (#2, Y2); 0) 

(it) Trin (p1, P'1) (21, y1); (2, ya), t) = Lifand only if py (21, 72, t) = pi (y1, ya, t) 
= 1ifand only if (1, y1) = (x2, y2). In addition, Simazx(P2,P2)((21, 91); (x2, ya), t) = 
0 if and only if p2(a1, %2,t) = p4(yi, y2,t) = 0 if and only if (1, y1) = (v2, y2). Ina 
similar way, Smaz(p3, 03) (x1, Yi); (x2, yo), t) = 0 if and only if (#1, y1) = (a2, ye). 

(iti) It is clear that Timin (1, P41); Smax(P2, 4) and Smax(p3, Ps) are commuta- 
tive maps. 

(iv) By Lemma 3.6, 


T (Tmin (01, P1) (a1, ¥1)s (2, Ya); t), Tmin(p1, p1)((w2, Y2), (v3, 3), 8)) 
= T (Tinin(p1 (41, 2, t), p4(y1, Y2,t)), Tmin(p1(w2, 73, 8), 1 (Y2, ¥3, 8))) 
< Tin (T (p1(21, 22, t), p1(@2,03, 8), T (04 (yr, Yost), pr (yo, 93, 8)))) 
< Tin(o1 (21, 23,t + 8), pi (yr, ys, t + 8)) 

= Tmnin(p1; P1)((1, Y1), (€3, Ys), t + 8). 
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Also, 


S(Smax(p2, P2)((#1, y1), (2, 2); t), Smax(P2; P2) ((a2; ¥2), (ws, Ys), 8) 
= S(Smax(po(#1, 22, t), po(Y1, Y2;t)), Smax(p2(#2, #3, 8), Po(Y2, Ys, 8))) 
> Smax(S(p2(x1, 2, t), p2(©2,23,8)), S(p(y1, yo, t), Po(y2,y3,8)))) 
> Smax(p2(x1, £3, t + $), 2(y1, ys, t + 8) 

= Smax(P2;P2)((#1, 91); (#3, y3),t + 8). 


In a similar way, one can see that 


S(Smax(p3, P3)((21, 91), (2; 2); t), Smax(p3, 03) ((a2; ya); (3, ys), 8) 
2 Smax(P3, 3)((#1, Y1)s (x3, Ys); t+ 8). 
(v) Since p1, P2, 23, P'; P2, Ps are left-continuous maps, we get that 
Tmin(P1, P11), Smazx(P2; P2); Smax(p3, 03) are left-continuous map. 


(vt) Since Tin and Simax are left-continuous maps, we get that 


lim Trin (p1 (#1, 2, t), pt (yi; ya; ¢)) 
t-0o 
= Trin( lim pr (#1, L2,t), Jim 91 (yi, Y2, t)) = Trin, 1) =1. 


In a similar way, 
lim Smax(pa(21, r2, t), Po(Yi; Y2, t)) _ 1, 
too 

and 
lim Simax(3(#1, 22, t), 03(y1, y2,t)) = 1. 
t-0o 

The other cases, clearly obtained, so 


(X x Y,Tinin(P1, p'1); Smax(P2; Po); Smax(p3; P3),T, S) 


is a K M-single valued neutrosophic metric space. 


Let XNY = 0, (X, P1, P2, P3,T, S) and CY, P's Po, P37, S) be Kk M-single val- 
ued neutrosophic metric spaces, x,y € X UY and t € R2°. Consider e(z, y,t) = 
J (ila,u,t)Ari(y,0,4))), o(@, 9,0) = \ (2(a, u, #)Veb(y, 0, #))) and 5(e, y, t) 


©juEex wUwExX 
y,vEeY y,vEY 


= Vi (es(a,u, t)V p(y, v,t))). Define p1U p', p2U ps, p3Up§ : (XUY)? x R2° 
xUwExX 
y,veEY 
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[0, 1] by 


pi(x,y,t) if x,y € X, 
(p1 Up) (x,y, t) = 4 pi (z,y,t) ifa,y EY, ; 
e(x,y,t) ifwe X,yEY, 


p2(a, y, t) ifx,ye X, 


(p2 U po)(2,y,t) = 4 po(z,y,t) ifa,yeyY, 
o(x,y,t) ifewe X,yEY, 


p3(a,y,t) ifa,yeX, 

and (p3 U p3)(z,y,t) = 4 p(z,y,t) ifa,y EY, . So we have the following 
O(a,y,t) ifwe X,yEY, 

theorem. 


Theorem 3.2. Let (X, (1,02, 93,T,5) and (Y, p), p5,93,T, S) be K M-single val- 
ued neutrosophic metric spaces. Then (X UY, p1 U p, p2 U py, p3 U p3, 7,8) is a 
KM-single valued neutrosophic metric space, where X NY = 0 


Proof. Let x,y,z € X UY and t,s € R2°. We only prove the triangular inequality 
property and other cases are immediate. Let x,y € X(for x,y € Y is similar), 
then T((p1 U p1)(z,y,t), (or U pi)(y,2,8)) = T(pi(a,y,t), (01 U pi)(y, 2,8). Tf 
z € X, then T((p1 U p})(a,y, t), (01 U pi)(y,2,8)) = T(or(z,y,t), p(y, 2,8)) < 
pi(x,z,t+s) = (p1 U pi)(z,2,t +s). If z € Y, then T((p1 U p{)(z,y,t), (p1 U 
p1)(y,2,8)) =T(pil(a,y,t),€) <€ = (p1 Up})(a, z,t +s). Let c € X,y€ Y. Then 
T ((p1 Up) (a, y, t), (pr Up} )(y, 2, 8)) = T(e, (p1Up4)(y, z,8)). If z € Y, since x € X 
and y € Y, we get that (1 U p)(x,z,t +s) = and so T(e, (pi Up} )(y, 2,8)) = 
T(€, p2(y,2,8)) < € = (p1 U pi)(a, z,t +). If z © X, since x € X and y € Y, we 
get that (91 U p})(2,2z,t +s) 4 € and so T(e,(p1 U p})(y, 2, 8)) = Tle,e) Se < 
pi(@, 2, t+ s)) = (p1 Up) )(2, 2, t+ 8). 

Suppose that x,y € X(for x,y € Y is similar), then S((p2 U p4)(x, y, t), (p2 U 
P2)(Y; 2, 8)) = S(pa(a,y,t), (o2Upo)(y, 2, 8))- If 2 € X, then 5 (oops) le, y,t), (p2U 
P2)(Y 2, s)) _ S(p2(x,y,t), p2(y, 2, 8)) > p2(x,2,t + 8) = (92 U p))(x,z,t + 8). 
If z € Y, then S((p2 U ph) (z,y,t), (92 U pb)(y,2,8)) = S(p2(2,y,t),0) > o = 
(p2Up))(a, z,t+s). Let x € X,y € Y. Then $((p2Up)(z, y, t), (p2U4)(y, 2, 8)) = 
S(o, (p2 U ph)(y, 2, 8)). If z € Y, since x € X and y € Y, we get that (p2 U 
po)(a,z,t +8) = 0 and so S(a,(p2 U ph)(y,z,8)) = S(o, poly, z,8)) > o = (p2U 
py) (a, z,t+s). If z € X,sincex € X and y € Y, we get that (p2Up)) (2, z,t+s) #o 
and so S(a, (p2Up))(y, z,8)) = S(o,0) > o > pa(a,z,t+s)) = (p2Up5)(a, z,t+8). 
In common a way, we can prove that for all x,y € X UY, S((p3U p3)(a, y, t), (p3 U 
P3)(y,2,8)) > (ps U p3)(w,2,t + 8). (X UY, pr U ph, p2 U ph, p3 U 95,7, S) is a 
K M-single valued neutrosophic metric space, where X NY = 0 


— 
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4. Induced Topology from K M-Single Valued Neu- 
trosophic Metric Space 


In this section, in kK M-single valued neutrosophic metric space (X, 1, p2, 3, T,S), 
we introduce the subsets as balls and show that they are open subsets. Also we 
prove that every Kk M-single valued neutrosophic metrics (1, 92, 93 on X which has 
as a base the family of open sets of the form O = {O(2,¢,t)|«E€X,0<e<1,te€ 
Rt}. 

Let (X, 1, p2, p3,T,S) be a K M-single valued neutrosophic metric space, t € 
R2°,2 € X and 0 < € < 1. Define O,,(2,¢,t) = {y € X | pi(z,y,t) > 1- 
€}, Op. (2, €, €) = {y € X | po(z,y,t) < €}, Ops (@, €, t) ={y © X | p3(x,y,t) < €} 
and O(2,¢,t) = {y € X | pi(a,y,t) > 1—e, po(a,y, 6) < €,p3(x,y,t) < €} as a ball 
with center x, radius €, and at the time t. Clearly O,,(x,€,0) = O,,(#,€,0) = 
Op, (x, €, 0) = O(a, €,0) = 0. 


Theorem 4.1. Let (X, p1, p2,3,T, S) be a K M-single valued neutrosophic metric 
space, t,t,,tz € R2°,a,y € X and 0 < €,€1,€2 <1. Then 


(i) if ti < te, then Op, (x, €,t1) C Op, (a, €, te); 

(ii) if €1 < €g, then Op, (a, €1,t) C Op, (2, €2, t); 
(iit) if € < €2 and ty < to, then Op, (x, €1,t1) EC Op, (a, €2, ta); 
(iv) for allt € R*, {x} C O,, (2, €,t) 40; 


(v) if X is finite, t€ Rt and e& = (1-46) — VV pi(z,y,t), then Op, (x, a,t) = 
x,yEx 
{x}, where0 <6 <1; 


(vi) if X is finite andt € R*, there exists Emin such that Op, (2, €min,t) = X. 


Proof. (i) Let y € Op, (a, €,t1). Then pi (x,y, ti) > 1—e, so by Theorem 3.4, ty < te 

implies that pi (x, y,t2) > p(x, y,t1) > 1—e. Thus Op, (a, €,t1) C Op, (2, €, ta). 

ti) Let y € Op, (x, €1,t). Then pi(#,y,t) > 1— 1, so €; < €2 implies that 

pi(z,y,t) >1—e; > 1—e 9. Thus O,, (2, €,t1) C Op, (2, €, ta). 

itt), (tv) It is clear. 

v) Let y € Op, (x, e,t). Since pi(z,y,t) < V/ pi(x,y,t), if pi(x,y,t) > 

x,yEx 

1—e, we get that pi(z,y,t) =1landsor=y. 

vi) Consider €min = 1+6— \ pi(x,y,t), where \ pi(x,y,t) — 6 > 0. 
v,yEX x,yEex 

Since for all y € X,p1(z,y,t) > Emin, we get that X C Op, (2, €min,t). 


In a similar way to Theorem 4.1, we have the following Theorem. 
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Theorem 4.2. Let (X, 1, p2,23,T, S) be a K M-single valued neutrosophic metric 
space, t,t, tz € R7°,2 € X and 0 < €,€1,€2 <1. Then for alli € {2,3} 

(i) if ti < te, then Op,(x, €,t1) C Op, (a, €, ta); 
(ii) if €1 < €g, then Op, (a, €1,t) C Op, (a, €2, t); 
(iit) if €, <€ andt; < ta, then Op; (x, €1, t1) G Op, (x, €2, ta); 
(iv) for allt € R*, {x} C O,,(a,€,t) £9; 
(v) if X is finite, t € Rt and e, =—d+ \ p2(x,y,t), then Op,(x,&,t) = {x}, 

©,yex 
where0 <6 <1; 


(vi) if X is finite, t E Rt andég, =O+ VV p2(x,y,t), then Op, (2, Enazst) = 
aAyeX 
X, whereO<d <1. 


Corollary 4.3. Let (X, (1, P2,p3,T,S) be a KM-single valued neutrosophic met- 
ric space, t,t,t2 € R2°,2 € X and 0 < €,€1,€2 <1. Then 

(i) if ti < te, then O(a, €,t1) C O(a, €, te); 
(it) of er < €2, then O(a, €1,t) C O(a, €2,t); 
(iv) for allt €E Rt, {x} C O(a, €,t) £9; 
(uv) if X is finite andt € R™, then O(a, &,t) = O(a, é,,t) = {x}; 
(vi 


Theorem 4.4. Let (X, 1, p2,93,T, S) be a K M-single valued neutrosophic metric 
space, t € R2°,2,ye X and0O<r<1. Then 


) 
) 
(iii) if e1 < eg and ty < te, then O(a, €1,t1) C O(2, 2, t2); 
) 
) 
) 


if X is finite andt € R*, then O(2, €min,t) = O(a, é t) =X. 


I ©max? 


(i) x € Oly,¢,t) of and only if y € O(2,«¢,t); 


(ii) if O(a, 6,t) N Oly,e,t) 4 O then for all 2 << k © N we have O(2,€, kt) 
Oly, €, kt) # 0; 


Proof. It is obvious, by definition. 


In [3], George and Veeramani proved that in any metric space (X,d) (Remark 
2.8) the open ball O,, is an open set. In the following theorem we show that the 
open ball O is an open set. 


Theorem 4.5. Let (X, p1, P2,03,T, S) be a K M-single valued neutrosophic metric 
space, t € R2°,2 € X and0 <r <1. Then for alli € {2,3} 
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(2) O(z, €, t) = Op, (x, €, t) N Op» (x, €, t) N Ops (x, €, t); 
(it) Op;(x,€,t) is an open set; 

iit) O(x,€,t) is an open set. 
(iit) O(a, €,t) p 


Proof. (2) It is obvious. 
(ii) Let y € Op;(z,e,t). Then there exists t > tg € Rt and é’ such that 

pi(x,y,to) < € and S(e’,e) < €. Consider B = Opi(y,€’,t — to). For all z € 

Opi(y, €,t — to), we have e > S(e,€’) > S(pi(x, y, to), pily, 2,t — to)) > pila, z,t). 

It follows that y € B C Op;(z,e€,t) and so Op;(a,¢,t) is an open set. 
(iii) It is immediate by (7), (2) 


Theorem 4.6. Let (X, p1, p2,93,T, S) be a KM-single valued neutrosophic metric 
space, t € R2°,2 € X andO0 <r <1. Then for alli € {1,2,3} 


(i) if X is a finite set and tT = {O(a,€,0), O(@,€maz,t) | cE X,0<e< 1te 
Rt}, then (X,7) is a topological space; 

(ii) O = {O,, (a, €,t) | cE X,0<e€<1,t © R*} forms a base of a topology Tp, 
in X; 


(itt) O = {O,,(2,6,t) | ee X,0<e€<1,t eR} forms a base of a topology Tp, 
in X; 


(iv) O = {Op, (a, 6,t) | 7 € X,0<€<1,t © R*} forms a base of a topology Tp, 
im X. 


Proof. (i) It is obvious. 

(it), (itt) Let  € X andi € {2,3}. Then by Theorem 4.2, for all 0 <€ < 
1,t € R*,z € O,,(a,¢,t) and so X C LO see Let for x,y,z € X,0 < 

e€,t 

e,é < 1,t,t’ © R™, we have z € O,,(a,€,t) 1 Op, (y,¢,U). Then po(a, z,t) < 
€, p2(y, zt’) < €', p3(@,2,t) < € and p3(y, z,t’) < ¢’. Thus there exists tg € R* 
such that to < t,to < t’, which p;(x,z,to) < € and p;(y, z, tp) < e’. Now consider 
0< &’ <1, t” € R® such that Tmin(e,e) > €” and t” < Tin {t — to, t’ — to}. 
If m € O,,(z, e”,t”), then p;(m,y,t’) < S(pi(m, z, t”), pi(z,y,to)) < S(e",€) < 
and som € O,,(y,é’,t’). Analogously, one can see that O,,(z, €”,t’) C Op, (x, €, t). 

(iv) Let  € X. Then by Theorem 4.1, for all0 <e <1,t€ Rt,xz € O,, (2, ¢,t) 
and so X C (J Oo, (2, ¢,t). Let for z,y,z € X,0 <.,e < 1,t,t’ € R™, we have 

€,t 

Zz € Op, (2, €,t) N Op, (y, €,t’). Then pi(a,z,t) > 1—€ and pi(y,z,t’/) > 1-. 
Thus there exists tg € R* such that to < t,to < t’, which p1(a,2,to) > 1—e and 
pily,2,to) > 1—’. Now consider 0 < &” < 1, t” € R™ such that Tin(e,€’) > 
é" anid: t" <: Tinlt = tot to pee Te ree -O,, ee 2"), then, pring yf). > 
T(py(m,2;t"), pilz. gto) > ThH—e41l—e) > 1—-e and som € O,, (ye. ¥): 
Analogously, one can see that O,, (z, €”, t”) C Op, (2, €, t). 
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Corollary 4.7. Let (X, 01, 92, p3,T,S) be a KM-single valued neutrosophic met- 
ric space, t € R7°,4 € X andO<r<1. Then O = {O(z,¢,t) | xe X,0<e< 
1,t € R*} forms a base of a topology Tp, ,05,03 In X- 


5. KM-Single Valued Neutrosophic Metric Spaces 
and Metric Spaces 


In this section, we present the connection between K M-single valued neutrosophic 
metric spaces and metric spaces with respect to induced equivalence relation based 
on unite interval values. 

Let (X, 1, p2, p3,T,S) be a K M-single valued neutrosophic metric space and 


a, 8,7 € [0,1]. For every time t, on X?, define pra) = {(x,y) | pi(z,y,t) = 


a},p3" = {(a,y) | prle.y,t) < B} and ps" = {(x,y) | ps(e,y,t) < 7} as 
a-part, 6-part and 7-part. 


Theorem 5.1. Let (X, (1, 2,03, Tmin, Smax) be a K M-single valued neutrosophic 
metric space and a, B,y € [0,1]. Then 


(i) ift =0, then pro) pe) pyr) X? if and only if a =0 and 6B =y=1; 


(22) if a = B = = 0, then pra) — X?, pF) = oy? — A; 
(iti) if = B =7=1, then p =A, ph = pO = x?; 


(iv) pro), pb) and pyr) are reflexive and symmetric relations on X(t > 0); 
(v) port) — yw?) a pi) a pr) is a reflexive and symmetric relation on 
X(t > 0). 


Proof. («) Let t = 0 and a,6,y € [0,1]. Then py?) = {(z,y) | pi(az,y,0) > 
a} = {(x,y) | 0 > a}. Hence po) = X? if and only if a = 0. In a similar way, 
pe) = pyr) = X? if and only if B=y=1. 

(iz), (¢i2) Obviously are proved. 

(iv) Let a, 8,y € [0,1], z,y,z € X and t,s € R2°. Since p;(z,z,t) = 1 > 
Q, po(a,x,t) = 0 < 8 and ps3(a,x,t) = 0 < 7, we get that pre), B® pr) are 
reflexive relations. Clearly pw, o? ae py) 


(v) It is similar to item (iv). 


are symmetric relations. 


In the following Example, we describe some applications of K M-single valued 
neutrosophic metric space. We discuss applications of K M-single valued neu- 
trosophic metric space for studying the competition along with algorithms. The 
Kk M-single valued neutrosophic metric space has many utilizations in different 
areas, where we connect K M-single valued neutrosophic metric space to other 
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sciences such as economics, computer sciences and other engineering sciences. We 
present an example of application of K M-single valued neutrosophic metric space 
in optimization in economic. 


Example 5.2. (Decision in Economic) Let X = {x1,22,23,24} be a set of 
all factories of a town and by Table 1 be metrics. We want to combine the 
performances of these factories in a one year course (t = 1) to decide on how 
they work together. In Table 2, we is extracted a list of energy consumption 
of factories by pi, a list of the profits of production of factories by p2 and a 
list of losses of producing of factories by p3. For Example, if energy consump- 
tion of factories 21,22 is equal to 60/100, it is denoted by pi(2#1, 22,1) = 0.6, if 
losses of producing are equal to 30/100, it is denoted by p;(x1, 22,1) = 0.3 and 
if profits of producing are equal to 20/100, it is denoted by pi(#1, 22,1) = 0.2. 
Clearly (X, 91, 02, 03, Tpr; Smax) is a K M-single valued neutrosophic metric space. 
So consider a control for energy consumption, profits of producing and losses 


of producing with factory cooperation by a-part, $-part and y-part. For @ = 


0.3, 8 = 0.2,7 = 0.12, t = 1, we obtain p\” = X? \ {(a1, x4), (v4, 21)}, pe = 


A U {(v1, £2), (2,21), (x2, x3), (x3, 22), (x3, £4); (va, 03)} = er), 


Table 1: Metric space (X, d) 
d | T U2 @3 %4 


tz | 1 0 1 2 
many wos ade Diy <4 


Table 2: Fuzzy metric subsets p1, 2, p3 on X? x R2°. 


pi | 1 tT 3 4 p2 | ®1 tT %3 4 
T T I I 2 T 
a} 1 5h 7 ig? og BeOS ae Gy we 
r2 4 i i i to | 4 0 I 3 and 

al i a elite “ae. sage oe 
3 3 2 2 3 9 g 6 
te| zg 3 3 | tsa 5 g 0 

p3 | v1 ue - a 

x I 9 i 24 

2 1p 10 15 

4 4 9 24 

|e Py 

413 is io 9 


Clearly pyr, pet) and py) are not transitive relations and so p‘9:74) is not a 


transitive relation. 
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(a,t) 


Let pote), pb), pe) and p(%:7:+*) be the transitive closure of Pi 


oP), pyr) and p\“5:1), respectively (the smallest transitive relation in such 


a way that contains se), of (8,)) ps %) and prob rt) respectively). Then in 
the following theorem we ee oe “ple he) oy t*)) psn ©) and plo8rt*) are 
regular relations. Define X/p(©874*) = = f plo By yt, a, a t) | ay € X)} as set of 
all equivalence class of X on p(%:7t*), 


Theorem 5.3. Let (X, 01, 2, 23, Tmin; Smax) be a K M-single valued neutrosophic 
metric space and a, 3,7 € [0,1]. Then 
a,t,* a,t yt,* at yt,* st 
Ft a0, henge Sp pre = py and pr Sa 


, 


(i) Po=p=7=0, then pi? =p” py? = py and py”) = py”; 


(itt) ofa=B=y7=1, then pm bm) = plo), Pt) = pe) and ps” te) pyr), 


Proof. (i) Let a, 8,7 € [0,1] and z,y € X. If t =0, then prt) E £0, X24, pi?) € 


{0, X?} and pr) € {,X?}. Thus in any case, pnt) pyv), fP it) =— pee 


anal pre me) pr) 


(ii) Let a = 8 = y =0. Then by Theorem 5.1, pro = X?, pb) = pyr) =A 


and so pitt") = pl i or) = and pre) = ar), 


(itt) It is siniilar to item (7). 


Theorem 5.4. Let (X, (1, 02,03, Tmin, Smax) be a K M-single valued neutrosophic 
metric space and a, 8,y € [0,1]. Then for allt € R2° andneéN, 


(i) po) e pon) dnd for allk > n, pron) a pik) / 


, 


(it) pet) E pen) and for all k > n, per) Cc pike) 


(iis) pS Cp” and for all k > n, pr ¢ por, 


Proof. (i) Let x,y € X,t € R@° andn EN. If (x,y) € pio), then simple induction 
concludes that a < Timin(pi(a,y,t), pi(y,y,t),---,pi(y.y.t)) < pi(a,y, nt), so 
(n—1)-times 
ph) pl and for all k > n, pS" py ae 
that fae y, t) > al Uae), es t)> re y, nt) and it concludes that ht Ye 
pert) pyr) Cc pyr) and for all k > n, pi my) E pe Kt) and sr a) G ps meh 


Theorem 5.5. Let (X, 01, 2,23; Tmin; Smax) be a K M-single valued neutrosophic 
metric space and a,8,y € (0,1). Then, for all t > 0, there exists the smallest 
n EN, such that 
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(2) pvt) = U pike) where for all k > n, we have ia — prone) . 


(it) pibit*) = U ee), where for allk >n, we have pier = pibint) . 


(iit) pre = U pr, where for allk >n, we have po = penn 


Proof. Let n € N,a, 8,7 € (0,1) and x,y € X. 
(i) By Theorem 5.4, pi(,y,t) < pi(a,y, nt). Since jim pi(z,y,t) = 1, we get 
— 00 


that Jim pi(x,y,nt) = 1. Thus there exists N € N such that for all t > |N/n], 
— 00 


we have 1—a < pi(z,y,t). Hence A, = {mE N | pi(z,y,m) > a} #O and using 


well-ordering principle, there exists the smallest n € N such that pi(x,y,nt) > a. 


By Theorem 5.4, for all k > n, pS" ¢ pS", In addition, since n is the smallest 


which pi(z,y,m) > a, we get that pie ‘) C ao ) and so for all k > n,p6™ = 


pncihe, Now, if (x,y), (y,z) € pin) then, there exists k,k’ € N in such a 
way that (x,y) € Ale ) and (x,y) € oo ° Theorem 5.4, implies that a < 
(pila, y, kt), pity, 2, kt)) < pi(2, y; (k a: k')t). 


Tmin(p1(2, y, t), p1(y, 2, t)) < Tmin 
(a,(k+k')t) e U plore) = prot) and so pyr) is a transitive 


Thus (2,2) € pj 


relation. Suppose that R be a transitive relation such that pm rt) C R, by induction 


we show that pint *) C R. It is clear for n = 1. Assume that it is satisfied 
n+1 n+1 


*) CR. If (2,y) ear one Uae =e 


for n,if means that U pine) 
k=1 


n 
U py) U pr), by assumption of induction we get that (x,y) € U prnke) CR 


k=l k=l 

or (x,y) € ne ) CR. It follows that prot) C R and so it is transitive closure 
(a,t) 

of pj’. 


In a similar way, one can see that (iz), (¢i7) are proved. 


Corollary 5.6. Let (X, (1, 02,03,Tmin; Smax) be a KM-single valued neutro- 
sophic metric space and a,3,y € (0,1). Then, for all t > 0, there exists the 
n 


smallest n € N, such that p(©?:Vt) = U pera), where for allk > n, we have 
k=1 
plosBrnkt) — pla,Brnt), 


Theorem 5.7. Let (X, (1, 2,3; Tmin; Smax) be a K M-single valued neutrosophic 


metric space. Then there exists a, B,y € [0,1] such that for allt > 0, proBrtre) — 
(a,8,7,t) 
p ; 
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Proof. Let x,y € X. Then consider a = \ pi(z,y,t),8 = VV pi(az,y,t) 
x,yEx @,yEx 
and y = VV pi(z,y,t). Since for all x,y € X,pi(a,y,t) > a, po(a,y,t) < B 
x,YyEX 
and po(x,y,t) < y, for all t > 0 we ge that pont *) = pow), pet) — = ph) and 


pvr’) = p). It concludes that there exists a, 8,7 € 0, rT ae that a all £2 0, 
Tose) = p(a8.7.0), 


Example 5.8. Consider the K M-single valued neutrosophic metric space (X, p1, p2 
,P3,1, 5) in Example 5.2. For a = 0.3,6 = 0.2,y = 0.12, by Corollary 5.6, 
we obtain n = 2(we must consider the performances of these factories in two 


years course (¢ = 2)) and get fuzzy subsets 1, 92,3 in Table 3. Thus pint) = 


Table 3: Fuzzy metric subsets p1, p2, 3 on X? x R2°. 


Pl [ee tT %3 4 P2 | %1 % 43 %4 
1 i 1 
tw | = 1 = = tw | = 0 = = and 
4? ¢ 
a a a: i ne 
3 q i 1 3 X3 a roy 0 9 
Sl Be ay fle 2 a 
4/5 4 3 4/5 6 9 
p3 | v1 tT %3 U4 
I I 3 
ayo Bw 
2/75 9 ws io 
tee ate. othe” Sqr ole 
3 1 15 15 
4/35 i9 is 9 


AU {(a1, £2)}, pier) x = ph 20) _ Xx? and so pio) — AU {(21,22)} is a 
transitive relation. 


From now on, for all K M-single valued neutrosophic metric space (X, (1, (2, Ps, 
T,S), we consider A,B € P*(X) are finite subsets. 


Definition 5.9. Let (X, 1, 92, p3,T, S) be a K M-single valued neutrosophic met- 
ric space, A,B € P*(X),t € Rt, 2,y € X. Define 


(i) pila, B,t) = \V pila,y,t),pa(a,B,t) = /\ po(a,y,t) and pa(x,B,t) = 


yeB yEB 
\ p3(a, y, t) 
yeB 
(ii) i(A,y,t) = \V pila,y,t),pa(A.y,t) = /\ pala,y,t) and p3(A,y,t) = 
aEA reEA 
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(iti) pi(A, Bt) =(f\ VV pila.y.t)) ACA VV prla.y,t)) 


teEAyEeB yEBurEea 
(iv) 72(A,B,t)=(Y A proleyt)vCV A prla.y,t)) 
tEAyEeB yEBurEeda 
(v) 73(A, Bt) =(\VV A pa(asy.t)) VOY A\ pala, #)) 
teEAyEeB yEBureda 


In [12], Rodrguez-Lopez and Romaguera, proved that in every GV-fuzzy metric 
space (X,1,T), the set of nonempty compact subsets (*(X)) of (X;7x) con- 
struct a fuzzy metric space as Hausdorf fuzzy metric. In a similar way we have 
the following Theorem. 


Corollary 5.10. Let (X, p1, p2,3,T, S) be a K M-single valued neutrosophic met- 
ric space, A,B,C € K*(X),t € Rt. Then (K*(X), i, pa; p3,T, 9) is a K M-single 
valued neutrosophic metric space. 

Theorem 5.11. Let (X, (1, (2, 03,Tmin, Smax) be a KM-single valued neutro- 


sophic metric space and a,B,y € [0,1]. Then, (X/p'%9:7**), py, pa, p3,T,S) is a 
KM-single valued neutrosophic metric space. 


Proof. The proof is obtained by Corollary 5.10. 


Definition 5.12. Let (X, pi, p2, 93, T, S) and (X’, p, p4, 95,7’, S’) be K M-single 
valued neutrosophic metric spaces. A bijection y : X — X’ is called an isomor- 
phism if for all x,y € X and for alli € {1, 2,3}, pi(x,y,t) = pi (p(x), y(y),t) and 
denoted it by (X, 91, p2, p3,T, S) = (X", p1, 05, 25,1", 8"). 


Corollary 5.13. Let (X,/1, 02, 03,Tmin; Smax) be a KM-single valued neutro- 
sophic metric space and a, 3,y € [0,1]. Then 


(i) ft =0, then (X/p%*”), Dy, pa, pa, T, S) & (X, pr, pa, p3,T, $); 

(ii) ifa = B= 7=0, then (X/p'%?1**) D7, pa, ps, T, S) = (X, pr, pa, p3,T, S); 
(iis) fa = B= 7 =1, then (X/ pl"), pz, p9, 05, T, S) © (X, pr, Pas P3sT,§)- 
Definition 5.14. Let (X, 1, p2, 03, Tmin, Smax) be a K M-single valued neutro- 
sophic metric space and a, 3, y € [0,1]. For all z,y € X, define 


0 ife=y 
jt,*) »t,* oc ’ 

apr | + |y/prr| ita xy 

0 ife=y 


x/[py| + |y/py| ita xy’ 


0 ife=y 
a/e"| + |y/epe 


ifa Ay’ 
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0 ifv=y 


(a,8,7,t,*) = 
il a ene + ly/oPr) ike zy 


Theorem 5.15. Let (X, (1, 2, 3;Tmin; Smax) be a KM-single valued neutro- 
sophic metric space and0<a,8,y <1. Then 
(i) (X, dot), (Xx, d+), (X, dU”) and (X,d(8:14) are metric spaces. 
(44) dhoBirnt) — (qlot*)) 9 (dt) A (drt), 


Proof. It is clear that. 


Let A = {(X, p1, p2, p3,T, S) | pi, p2,p3 are fuzzy subsets on X? x R7°} and 
B = {(X,d) | d isa metric }. Define y : A > B, by 9((X, pr, po, 93,T,5)) = 
(X, d(~8:1-4")) based Theorem 5.15 and ~ : B > Aby y((X,d)) = (X, pi, po, p3,T, 
S') based Corollary 3.9. 


Corollary 5.16. Let a, 8,7 € [0,1]. Then For sets A and B, we have a diagram 


in Figure 1. 
KOK 


Y 


Figure 1: Diagram between K M-single valued neutrosophic metric space and met- 
ric space. 


5.1. Extended (A M-Single Valued Neutrosophic) Metric 


In this subsection, we obtain continuous metrics from K M-single valued neutro- 
sophic metric spaces and continuous K M-single valued neutrosophic metric from 
metric spaces. 


Definition 5.1. Let (X, (1, 02, 03, Tmin,; Smax) be a K M-single valued neutro- 
sophic metric space, a, 3,7 € (0,1). For all x,y € X, define da(a,y) = Akt € 
Rt | pi(a, y, t) = a },da(x, y) = it € Rt | p2(x, y, t) < B } and d,(x,y) = 


In what follows, we generate a family of metric spaces from a K M-single valued 
neutrosophic metric space. 


Theorem 5.2. Let (X, (1, 02,03, Tmin; Smax) be a K M-single valued neutrosophic 
metric space, a, 8,7 € (0,1). Then (X,dq),(X,dg) and (X,d,) are metric spaces. 
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Proof. Let x,y,z € X and 6 € (0,1). Then dg(a,2) = kt ER? | po(a,z,t) < 
B} = Af{t € R* | 0 < B} = 0. It is clear that dg(a,y) = dg(y,x). Let 
it ER | po(z,y,t) < B} = to and it E Rt | po(y,z,t) < 8B} = so. Thus 


B = Smax(p2(2, y, to), p2(y, 2; S0)) 2 p2(x, z, to +80) implies that p2(x, Z, to +0) S 
B. It follows that (to + 80) € A{t € R* | po(a,z,t) < B} and so da(x,y) + 


da(y,2) = A\{t € RF | po(x,y,t) < 6} + A{t ER | poly,z,t) < BE = (Aft e 
R* | po(a,z,t) < B} = dg(x,z). In a similar way one can see that (X,d,) and 
(X,d,) are metric spaces. 


Theorem 5.3. Let (X, (1, 2,03, Tmin; Smax) be a K M-single valued neutrosophic 
metric space, a, a’, 3, 8’,7,7' € (0,1) and a,y € X. Then 


(2) if a < a’, then dq(a, y) < dq! (x, y); 
(ii) if B < 6", then dg (x,y) < da(z,y); 
(iti) ify <7, then dy(w,y) < dy(a,y). 


Proof. Let x,y,z € X and a,a’,B,8’,y,y' € (0,1). If dg(z,y) = to, then 
po(z,y,to) < 8 < 6’ and so to € tt E Rt | po(z,y,t) < B’}. It concludes 
that dg: (x,y) < to = dg(x,y). Other items are proved in a similar way. 


Theorem 5.4. Let (X, (1, (2,03, Tmin; Smax) be a K M-single valued neutrosophic 
metric space, a, 3,7 € (0,1). Then 


de, dg, d. : (X, P15 P2; P3; Tmins Saw) x (X, P15 P25 P35 Tmins Sian) <= R29, 
are continuous maps. 


Proof. Let (an, Yn)n be a sequence in X x X that converges to (x, y) with respect 
to the fuzzy metric (X, p1, p2, 23; Imin; Smaz)- Thus for all ¢ > 0 and t € Rt, there 
exists N € N, such that for alln > N, 1—€ < pi((an,2,t)), p2((an, x, t)) < € and 
p3((2n,@,t)) < €. Hence for all a, 8,7, € (0,1), {¢ € Rt | pi(an, z,t) > a} FO, {t € 
Rt | po(an, x,t) < B} AO and {t € R* | po(an, x,t) < y} 4. Hence there exists 
N E€N, such that for alln > N, and alla <1—¢,6>¢and y > €,da(an,x) < 
t,dg(ap,v) <t and d,(x,,x) <t and so lim dy (Syst) = de ta, 2) = d,(2_,2)= 
0. In a similar way, lim da(yn,y) = da(yn,y) = d)(Yn,y) = 0. Since for all, 
noo 
n EN, da(tn,£)+da(tn, Yn) +dalyn, y) = da(x, y), we get that | lim da(n, Yn) — 
da(x,y)| < (lim da(#p,2)+ lim da(y, yn)) = 0. Inasimilar way, lim dg(an, Yn) = 
noo noo n—- co 


dg(x,y) and lim dy(%n,Yn) = dy(x, y). 


Theorem 5.5. Let (X, 01, 2,03; Tmin; Smax) be a K M-single valued neutrosophic 
metric space, a,a’, 3, 
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B',y,y € (0,1) and x,y € X. Then a sequence (an)n is a Cauchy sequence in 


(x, P15 P25 P3, Tmin 
,Smax) if and only if it is a Cauchy sequence in (X,dq),(X,dg) and (X, dy). 


Proof. Suppose (%n)n is a Cauchy sequence in metric spaces (X,d.), (X,dg) and 
(X,d,). Fixed ¢ > 0. Since (ap), is a Cauchy sequence in (X,dg), there exists 
N EN such that for all n,m > N,dg(an,@m) < €. It follows that to = A\{t € 


Rt | po(%n,2m:t) < BY < € and so po(2n,%m,t) < po(tn,tmto) < €. Ina 
similar way, one can see that 93(@p,2m,t) < € and p1(%n,%m,t) > 1 —e€ and so 
sequence (2p)n is a Cauchy sequence in K M-single valued neutrosophic metric 
space (X, P15 P25 P3; Tminy Sriag): 

Conversely, let sequence (Xn )n is a Cauchy sequence in (X, (1, p2, 03; Pmin; Smaz) 
and Fixed « > 0. Thus for all t € R*, there exists N € N such that for any 
m,n > N, we have 


L—€ < pi(&n,m,t), P2(Ln,Lm,t) <e€ and p3(&pn,Lm,t) <e. 


Hence for all a, 6, y, € (0,1), {t € R® | pi(an,a@m,t) > a} 40, {t ER | po(an, em, 
t) < B} 4 @ and {t € R* | po(an, @m,t) < y} # O. So there exists N € N 
such that for all n,m > N and alla < 1—¢,6 > € and y > ¢«, we have 
da(fn,lm) <t < €,dg(tn, tm) < t < € and dy(ry,t%m) < t < €. It is concluded 
that the sequence (%p)n is a Cauchy sequence in metric spaces (X, da), (X,dg) 
and (X, dy). 


Definition 5.6. Let (X, 1, 02, 03, Tmin, Smax) be a K M-single valued neutro- 

sophic metric space, a, 3,y € (0,1). For all z € X and k EN, define dg(z,y) = 
kda(z,y) 3 kdg(x,y) = kdy(x,y) 

T+ hide (ae) OP) = TH eda(e,y) EO = Ty dy (a, 0) 


Theorem 5.7. Let (X, p1, p2, 03, Tmin, Smax) be a K M-single valued neutrosophic 
metric space, a, 8,7 € (0,1). Then (X,dq),(X,dg) and (X,d,) are metric spaces. 


Proof. The proof is similar to Theorem 5.2. 


Theorem 5.8. Let (X, (1, 02,03, Tmin; Smax) be a K M-single valued neutrosophic 
metric space, a, 3,7 € (0,1). Then 


da, dg, dy : (X, PisPa Pa Tits Saas) x (X, Pepa Pas andes Se) = R29, 


are continuous maps. 


Proof. The proof is similar to Theorem 5.4. 


Definition 5.9. Let (X, (1, 02,3, Tmin, Smax) be a K M-single valued neutro- 
sophic metric space, a,8,y € (0,1) and @ # A C X. For all x € X, define 


da(v,A) = \\{do(x,y) | y € A},da(e,A) = Afds(.y) | y € A}.d(@, A) = 
Mare, y) | y € A}. Ina similar way da(x, A), dg(x, A) and d,(a, A) are defined. 
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Theorem 5.10. Let (X, 1, p2,03,Tmin, Smax) be a KM-single valued neutro- 
sophic metric space, a, 3,7 € (0,1) andO#AACX. Then for all x,y eX 
d(x 


(@) fe © A, then da(2, A) =de(e, A) = dy(#, A) = 
UN Pralee KG WEE OW te AS ie a), dy(a, A) < dy(e, a); 
(iit) |da(x, A) — daly, A)| < da(x,y); 
) |dg(x, A) — da(y, A)| < da(a,y); 
(v) |d,(2,A) — dy(y, A)| < dy(x,y). 
), 


Proof. (2), (it) It is clear. 

(itt), (tv), (v) Let a, y € X. Ife = y or x,y € A, then by items (¢), (di) it is 
straightforward. Suppose that x 4 y. Without loss of generality x € A and y ¢ A, 
implies that |da(z, A) — da(y, A)| = daly, A) < da(y, x). If «,y ¢ A, then there 
exists a,a’ € A such that da(x,A) = da(x,a) and da(y, A) = da(y,a’). Since 
d,(x,a) < d.(a,a’) and da(y,a’) < da(y,a), we get that |da(x,a) — da(y,a’)| < 


(iv 


lda(x, a") — da(y,a’)| < da(a,y). It follows that for all z,y € X,|da(a, A) — 
daly, A)| < da(x, y), |\da(x, A) = da(y, A)| S da(x,y) and |d,(x, A) ~ d,(y, A)| S 
d(x, y 


Corollary 5.11. Let (X,/1, 02, 03,Tmin; Smax) be a KM-single valued neutro- 
sophic metric space, 6,7 € (0,1) and@#AACX. Then for all x,y EX 


(i) if € A, then da(x, A) = dg(z, A) = d,(x, A) = 0; 


(ii) for all a € A, da(x, A) V dg(x, A) V dy (x, A) < da(x, a) A dg(x, a) A dy (x, a); 
(iit) |da(x, A) — daly, A)| < da(z,y). 
(iv) |dg(x, A) — de(y, A)| < da(z,y); 
(v) |d,(a, A) — d(y, A)| < d,(z,y). 


Theorem 5.12. Let (X, 91, (2, 03;Tmin, Smax) be a KM-single valued neutro- 
sophic metric space, a,3,y € (0,1). Then for allx € X and@ AAC X, 
da(a, A), da(x, A), da(x, A) : (x, P15 P25 03, Lmin, Smax) X(X, P1; P25 23, min, Smax) 
— R2° are continuous maps. 

Proof. Suppose (Xp), is a sequence in X and in such a way that for all t € 
Rt, lim po(ap,x7,t) = 1 and x € X. Fixed ¢ > 0. Thus there exists N € 

noo 

N such that for all n > N,po(an, x,t) < ©. It follows that for all e < 8, 
we have tt € Rt | pe(an,x,t) < B} 4 O and so dg(xn,r) < t. Hence 
lim dg(%m,x) = 0. Using Theorem 5.10, |dg(z,A) — dg(an,A)| < dg(x, an). 


Consequently, lim dg(tn,A) = dg(z,A). In a similar way, one can see that 
noo 


da(a, A), do(x, A) : (xX, Dispos Pss PraavOdad) x (X, Pi Pos Pay lies Oras) > R2° 
are continuous maps. 
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Corollary 5.13. Let (X,/1, 02, 03,Tmin; Smax) be a KM-single valued neutro- 
sophic metric space, aB,y € (0,1). Then for allx ¢ X and DAAC X, 
da(#, A), da(%, A), do(x, A) : (xX, P13 22, 23, Imin, Smax) X(X, P15 22, 23; Lmin, Smaz) 


— R2° are continuous maps. 


Let - P1; 22; 23; Imin; Smax) be a K M-single valued neutrosophic metric space, 
a, 8, € (0,1). Then for all a € X and # AC X, define A= {y | Mi(y, A,t) = 
L pal. A.) = pal, Ast) =0 for all ¢ > O} end A =y | a.) = dgly. 4) = 
dy(y, 


A) = 0}. 


Corollary 5.14. Let (X,/1, 2, 03,Tmin; Smax) be a KM-single valued neutro- 
sophic metric space, a, 3,y € (0,1). Then for allae X andQ@AACX, cE Af 
and only if x € A. 


6. Conclusion 


The present study has introduced a novel concept fuzzy algebra as K M-single val- 
ued neutrosophic metric spaces and has constructed finite or infinite kK M-single 
valued neutrosophic metric spaces based on induced unit interval values. We can 
make a correspondence between metric spaces and K M-single valued neutrosophic 
metric spaces, so we show that K M-single valued neutrosophic metric spaces gen- 
erate some topological spaces and metric spaces. 
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